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Abstract

We present a new effective Nullstellensatz with bounds for the degrees which depend not
only on the number of variables and on the degrees of the input polynomials but also on an
additional parameter called the geometric degree of the system of equations. The obtained bound
is polynomial in these parameters. It is essentially optimal in the general case, and it substantially
improves the existent bounds in some special cases.

The proof of this result is combinatorial, and relies on global estimates for the Hilbert function
of homogeneous polynomial ideals.

In this direction, we obtain a lower bound for the Hilbert function of an arbitrary homogeneous
polynomial ideal, and an upper bound for the Hilbert function of a generic hypersurface section
of an unmixed radical polynomial ideal. ©€) 1997 Elsevier Science B.V.
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Introduction

Let £ be a field with an algebraic closure denoted by k, and let o JXE

k[xi,...,x,] be polynomials which have no common zero in k". Classical Hilbert’s
Nullstellensatz ensures then that there exist polynomials ay,...,a; €k[x),...,x,] such
that

1=01f1+"'+(15f:g.
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An effective Nullstellensatz amounts to estimate the degrees of the polynomials
ay,...,as in one such a representation. An explicit bound for the degrees reduces the
problem of effectively finding the polynomials ay,...,as to the solving of a system of
linear equations.

The effective Nullstellensatz has been the object of much research during the last
ten years because of both its theoretical and practical interest. The most precise bound
obtained up to now for this problem in terms of the number of variables n and the
maximum degree d of the polynomials f,..., f; is

dega; < max{3,d}", 1<i<s.

This bound is due to Kollar [22], and it is essentially optimal for d >3; in the case
when d =2 a sharper estimate can be given [30].

Related results can be found in the research papers [2,4, 7, 8, 12, 23, 29, 31], also
there are extensive discussions and bibliography about the effective Nullstellensatz in
the surveys [3, 33].

Because of its exponential nature, this bound is hopeless for most practical appli-
cations. This behavior is, in general, unavoidable for polynomial elimination problems
when only the number of variables and the degrees of the input polynomials are con-
sidered.

However, it has been observed that there are many particular instances in which
this bound can be notably improved. This fact has motivated the introduction of new
parameters which enable to differentiate special families of systems of polynomial equa-
tions whose behavior for the problem in question is polynomial instead of exponential
[14, 15].

In this spirit, we consider an additional parameter associated to the input polynomials
S15..., [, called the geometric degree of the system of equations, which is defined as
follows.

Suppose that k is a zero characteristic field and let f,,..., f; € k[x1,...,x,] be poly-
nomials such that 1€ (fq,..., f;). Then there exist gi,...,ds k-linear combinations of
fi,-.., fs and an integer ¢ <s such that 1€(gy,...,4;), g1,--.,9,—1 is a regular se-
quence, and (gi,...,9,—1) is a radical ideal for 1 <i<t¢ — 1. Let KQA”(I_C) be the
affine variety defined by g1,...,g; for 1 <i<s, and set

0 = max deg V;
Grrbs 1<i<min{t,n}—1 ’

where deg J; stands for the degree of the affine variety F;. Then the geometric degree
all linear combinations of fi,..., f; satisfying the stated conditions.

In the case when £ is a field of positive characteristic, the degree of the system of
equations fj,..., f; is defined in an analogous way, by considering k-linear combina-
tions of the polynomials { fi,x; f; | 1 <i<s,1<j<n}.
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In both cases, the existence of gi,...,gs satisfying these properties is a consequence
of Bertini’s theorem.
We obtain (Theorem 37):

Theorem. Ler fi,..., fs €klxi,...,x,] be polynomials such that 1€(fi,..., fs). Let
d 1= max<i<sdeg f;, and let & be the geometric degree of the system of equations
fis--+s f5. Then there exist polynomials a,...,a; € k[xy,...,x,] such that

l=afi+- +asfs
with deg a; f; < min{n,s}*(d 4+ 3n)d for i=1,...,s.

We also obtain a similar bound for the representation problem in complete intersec-
tions (Theorem 36).
Let d:= max<;<sdeg f;. Then we have that

5(f1,,fs)§(d + l)min{s,n}_l

holds and so our bounds for the effective Nullstellensatz and for the representation
problem in complete intersections are essentially sharp in the general case. We remark
however that they can substantially improve the usual estimates in some special cases
(see Example 39).

Similar bounds for the effective Nullstellensatz have also been recently obtained by
algorithmic tools [15, Theorem 19], [14, Section 4.2] and by duality methods [24].

The proofs of these bounds are combinatorial, and they rely on global estimates for
the Hilbert function of certain polynomials ideals.

The study of the global behavior of the Hilbert function of homogeneous ideals is of
independent interest. It is related to several questions of effective commutative algebra,
mainly in connection with the construction of regular sequences of maximal length
with polynomials of controlled degree lying in a given ideal [10], and to transcendental
number theory, in the context of the so-called zero lemmas [5].

Let I C k[xp,...,x,] be a homogeneous ideal. We understand by the dimension of /
the dimension of the projective variety that it defines, and we denote by 4; its Hilbert
function and by deg I the degree of the ideal /.

The problem of estimating 4; was first considered by Nesterenko [28], who proved
that for a zero characteristic field £ and a homogeneous prime ideal P C k[xo,...,X,]
of dimension d > 0 the following holds:

m+d+1 m—degP +d+1 d

- < < degP (4 >1.

( d+l ) ( 441 )_hp(rn)_ eg P (4m)*, m2=>1

Later on, Chardin [10] improved Nesterenko’s upper bound by simplifying his proof,
and obtained that for a perfect field ¥ and a homogeneous unmixed radical ideal
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1 C k[xgp,...,x,) of dimension d >0 the following inequality holds:

h(m) < degI(’";d), m>1.

This estimate has also been obtained by Kollar, by using cohomological arguments
[10].

In this direction, we obtain a lower bound for the Hilbert function of an arbitrary
homogeneous polynomial ideal of dimension d >0 (Theorem 4). We have that

m+d+1 m—degl+d+1
- , m>1

>
Mm)*( d+1 d+1

holds. This result generalizes the bound of Nesterenko for the case of a homogeneous
prime ideal P C k[xp,...,x,]. It is optimal in terms of the dimension and the degree of
the ideal /.

We present also an upper bound for the Hilbert function of a generic hypersurface
section f of a homogeneous unmixed radical ideal 7 C k[x,...,x,] of dimension d > 1
(Theorem 22). We have the inequality

. d—1
hy, r)(m) <3deg f deg[(m ;_ 1

), m>5ddegl

Our approach to the Hilbert function is elementary, and yields a new point of view
into the subject which is clearer than that of the previous works. We hope that
our techniques would also be wuseful for treating arithmetic Hilbert functions
(see [28]).

We shall briefly sketch the relationship between these bounds for the Hilbert func-
tion, and the effective Nullstellensatz and the representation problem in complete inter-
sections.

Let fi,..., fs€k[x),...,x,] be a regular sequence. There are several effective-
ness questions about this set of polynomials which can be easily solved in the case
when the homogenization of these polynomials fl,..., f;ek[xo,...,x,,] is again a
regular sequence. An example of this situation is the effective Nullstellensatz, for
which there exists a simple and well-known proof in this condition (see, for
instance, [26]).

The central point in our proof of the effective Nullstellensatz consists then in showing
that the regular sequence f,..., fs €k[xi,...,x,] can, in fact, be replaced by polyno-
mials p,..., ps €k[x1,...,x,] of controlled degrees such that (f1,..., fi)=(p1,..-, i)
for 1 <i<s, and such that the homogenizated polynomials p,,..., p, define a regular
sequence in k[xo,...,x,]. The proof of this result proceeds by induction, and the bounds
for the Hilbert function allows us to control at each step 1 <i<s the degree of the
polynomial p;.

The spirit of our proof follows Dubé’s paper on the classical effective Nullstellensatz
[11]. We remark here that there are many errors in Dubé’s argument, and a serious gap,
for it relies on an assumption on the Hilbert function of certain class of homogeneous



M. SombralJournal of Pure and Applied Algebra 117 & 118 (1997) 565-599 569

polynomial ideals [11, Section 2.1] which is unproved in his paper and which is neither
in the literature, as it was noted by Almeida [1, Section 3.1], and so his proof should
be considered incomplete as it stands.

Our approach allows us not only to avoid Dubé’s assumption and to prove the results
stated in his paper, but also to obtain our more refined bounds.

Finally, we remark that our exposition is elementary and essentially self-contained.

The exposition is divided in four parts. In Section 1 we state some well-known
features of degree of projective varieties and Hilbert function that will be needed in
the subsequent parts, and we prove some of them when suitable reference is lacking. In
Section 2 we prove the lower and upper bounds for the Hilbert function and analyze the
extremal cases. In Section 3, we apply the obtained results to the construction of regular
sequences. In Section 4 we consider the consequences for the effective Nullstellensatz
and for the representation problem in complete intersections.

0. Notations and conventions

We work over an arbitrary field k with algebraic closure k. As usual, P" and A”
denote the projective space and the affine space of dimension n over k. A variety is
not necessarily irreducible.

The ring k[xo,...,x,] will be denoted alternatively by R or Ry.

Let I C k[xg,...,x,] be a homogeneous ideal. We understand by the dimension of /
the dimension of the projective variety that it defines and we shall denote it by dim J,
so that dimJ = dimyy I — 1.

Let J Ck[x,,...,x,] be an affine ideal. We shall understand by the dimension of J
its Krull dimension. At each appearance, it will be clear from the context to which
notion we are referring to.

An ideal I C k[xo,...,x,] is unmixed if its associated prime ideals have all the same
dimension. In particular, / has not imbedded associated primes and its primary decom-
position is unique.

Given an ideal 7 C k[xo,...,x,], then I® := k@l C l:t[xg,...,x,,] is the extended ideal
of 1 in k[xo,...,x,].

Given I CR, a homogeneous ideal, then V(/) := {x&P"| f(x)=0 Vf €l} CP"
denotes the projective variety defined by /. Conversely, given a projective variety
V CP* we define the ideal (V) := {f €Ry | flr = 0} TRy, and we denote by
[(V) = (V) Ck[xo,...,x,) the defining ideal of V.

Given a graded R-module M and me Z, M, denotes the homogeneous part of
degree m.

Let be given a homogeneous ideal I C k[xo,...,x,]. The Hilbert function or char-
acteristic function h; of the ideal I is defined as

m — dimg(k[xo, . - ., %a]/Dm-

Given a projective variety ¥ C P" hy is the Hilbert function of I(V).
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Given f €k[xo,...,x,] a homogeneous polynomial, f“ € k[x;,...,x,] is its affiniza-
tion and given I Ckl[xg,...,x,] a homogeneous ideal, I*Ck[x),...,x,] is its
affinization.

Conversely, given a polynomial g € k[x,...,x,], § € k[xo,...,%,] is its homogeniza-
tion, and given an ideal J Ck[xy,...,x,], we denote by fgk[xo,...,x,,] its homo-
genization.

1. Preliminaries on degree and Hilbert function

In this section we state some well-known properties concerning the degree of
a variety and the Hilbert function of a homogeneous polynomial ideal which will
be needed in the sequel. Also we shall prove some of them when suitable reference is
lacking.

Let ¥ C P be an irreducible projective variety of dimension d. The degree of V is
defined as

degV :=sup{#(VNH, N---NHy) | H,...,Hs CP" hyperplanes
and dim(¥ NH, N---NHy;)=0}

This number is finite, and it realizes generically, if we think the set {(Hi,...,Hy) |
H,,...,H; C P" hyperplanes} as parameterized by a nonempty set of A+ [17, Lec-
ture 18]. We agree that deg@=1.

The notion of degree can be extended to possible reducible projective varieties fol-
lowing [19]. Let ¥ CP", and let ¥ = {J- C be the minimal decomposition of V' in
irreducible varieties. Then the (geometric) degree of V is defined as

degV = ZdegC
c

For this notion of degree the following Bézout’s inequality without multiplicities for
the degree of the intersection of two varieties holds. Let ¥, W C P" be varieties. Then

deg(VNW)< degV degW.

This is a consequence of Bézout’s inequality for affine varieties [19, Theorem 1]. The
details can be found in [9]. This result can also be deduced from the Bézout’s theorems
[13, Theorem 12.3], [34, Theorem 2.1].

We turn our attention to the Hilbert function of a homogeneous ideal. Let 7/ C
k[xo,...,x,] be a homogeneous ideal of dimension d. There exists a polynomial p;cQ[¢]
of degree d, and mg € Z such that

i (m)= p;(m)

for m > myp. The polynomial p; is called the Hilbert polynomial of the ideal /.
The degree of a homogeneous ideal I C k[xy,...,x,] can be defined through its Hilbert
polynomial.
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Let I Ck[xp,...,x,] be a homogeneous ideal of dimension d, with d > 0. Let p; =
agt? + --- 4 ap € Q[f] be its Hilbert polynomial. Then the (algebraic) degree of the
ideal I is defined as

degl :=dlayjeN

If I Ck[xg,...,x,] is a homogeneous ideal of dimension —1, then I is a (xg,...,x;)-
primary ideal, and the degree of I is defined as the length of the k-module
k[xo,...,x,] /1, which equals its dimension as a k-linear space. We also agree that
deg k[xg,...,x,]=0.

Given I C k[xg,...,x,] a homogeneous ideal, we denote by irr/ the number of irre-
ducible components of V' (/) C P".

Let 1, J Ck[xq,...,x,] be homogeneous ideals. Then we have the following exact
sequence of graded k-algebras:

0> R/UINJY—RISRJ > RIT+JT)—0

(f9)—f—g

from where we get that
hing(m)=hi(m) + hy(m) — by y(m), m=>1

holds. In particular, if dim/ > dimJ, then deg(I NJ)= deg/.

Let & be a perfect field, 7 Ck[xo,...,x,] an homogeneous radical ideal, and let
I=()p P be the minimal primary decomposition of /. In this situation we have
that

degl = Z deg V(P)
P:dim P=dim/
holds [34, Proposition 1.49], [17, Proposition 13.6], and thus the degree of the ideal
[ may be calculated from the degrees of the varieties defined by its associated prime
ideals of maximal dimension.
Let I Ck[xp,...,x,] be a homogeneous radical ideal, and I = ﬂPP the minimal

primary decomposition of /. From the canonical inclusion of graded modules R/I —
@Dp R/P, we deduce that

h(m)< D hp(m), m>1.
P

Let I Ck[xgp,...,x,] be a homogeneous ideal, and /¢ gl_c[xo,...,x,,] be the extended
ideal. Let R/I =D, (R/I)m be the decomposition of k[x,...,x,]/] into homogeneous
parts. Then we have that (R /I°)y =k ®¢ (R/I)m holds and so Ay-(m) = hy(m), i.e. the
Hilbert function is invariant under change of the base field. In particular deg /= deg/.

We have also that there exist yy,..., ys € klxg, ..., x4 algebraically independent
linear forms such that k[yq,..., ya] — k[xo,...,x,]/I° is an inclusion of k-algebras,
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and so

_ d
hy(m) = hye(m) 2 dimg(k[yo,. .., yal)m = (’"; )

We shall need the following identity for the combinatorial numbers.

Lemma 1. Let d>0,D>1, meZ. Then
m+d+1+D\ (m+d+1 ‘XD: m+d+i
d+1 d+1 _izl d ’
Proof. The case D=1 is easy. In the case when D> 1, we have that
m+d+1+D B m+d—+1
d+1 d+1

:i{(m+;++ll+i>_(m+d+)} i(m+d+z> -

= i=1

We shall also make appeal to Macaulay’s characterization of the Hilbert function of
a homogeneous polynomial ideal.
Given positive integers i, ¢, the i-binomial expansion of ¢ is the unique expression

_ (c(f)) - <c(g'))
i J

with ¢(i) > --- > c(j)>j> 1.
Let c:(c(i’)) +e 4 (c(j.’ )) be the i-binomial expansion of c. Then we set

0. c(i)+1 c(j)+1
cV ( i1 +--+ 1)
We note that this expression is the (i 4 1)-binomial expansion of ¢!

Remark 2. Let b, ¢, i€Z.o. Then it is easily seen that b>c¢ if and only if
(b(i),...,b(J)) is greater or equal that (c(i),...,c(J)) in the lexicographic order, and
thus &> c if and only if b > ¢

We recall that a sequence of nonnegative integers (c; )icz, is called an O-sequence if
=1, Citl SC,-m, i>1

We then have:
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Theorem (Macaulay, [16]). Let h : Z>o — Z>o. Then h is the Hilbert function of
a homogeneous polynomial ideal if and only if

(h(i))iez5,

is an O-sequence.

2. Bounds for the Hilbert function

In this section we shall derive both lower and upper bounds for the Hilbert function
of homogeneous polynomial ideals. These estimates depend on the dimension and on
the degree of the ideal in question, and eventually on its length.

We derive first a lower bound for the Hilbert function of an arbitrary homogeneous
polynomial ideal.

We consider separately the case when dim/ =0.

Lemma 3. Let I Ck[xy,...,x,] be a homogeneous unmixed ideal of dimension zero.
Then

hi(m)>m+ 1, deg/ —2>m2>0,
h(m) = degl, m> degl — 1.
Proof. We have that Iegl_c[xo,...,x,,] is an unmixed ideal of dimension zero [35,

Ch. VII, Theorem 36, Corollary 1]. As k is an infinite field, there exists a linear form
u € k[xg,-..,xn] which is a nonzero divisor modulo /¢, Then

hi(m) — hy(m — 1) =hie(m) — bye(m — 1) = hge y(m).

Let my be minimum such that hj..(m)= degi®= degl for m > mgy. Then A yy(m) > 1
for 0<m<mp — 1 and ke, y(m)=0 for m > mg, and thus we have that

h(m)y=h(m)>m+1, deg/ -2>m>0

holds, and also A;(m)=hy(m)= degl for m > degl — 1.

Theorem 4. Let I Ckixy,...,x,] be a homogeneous ideal of dimension d, with d > 0.
Then

hI(m)2<m+d+1> 3 (m—degl—i—d—i—l)’ m> 1

d+1 d+1

Proof. Let /°= (), Op be a minimal primary decomposition of /°, and let

r= N o

P dim P=dim [I¢
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be the intersection of the primary components of /¢ of maximal dimension, which is an
unmixed ideal of dimension d. Then A;(m) = hye(m) > hy»(m) for m>1, and we have
that deg/ = deg /™ We shall proceed by induction on d. Consider first the case d =0.
We then have that

m>1

=t 2 -y 2 (") < (T BT,

1
holds, by Lemma 3 applied to /*

Now let d > 1. Let uel-c[xo,...,x,,] be a linear form which is not a zero-divisor
modulo 7* Then we have that

hpe(m) — hpe(m — 1) = b= u)(m).

Then dim(/,u)=d — 1 and deg(I*, u)= deg/™* = deg/. By the inductive hypothesis
we have that

d —degl +d
h,*(m)—hp(m—1):h(1.,u)(m)2<m+ )_(m egl + ), m>1

d d
holds. Then
m . m j+d j—degl +d
hy(m) 2> hy=(m) = Zh(l*,u)(J)Z Z {( d > N ( d
Jj=0 /=0
m+d+1 m—degl+d+1

= - ’ le

d+1 d+1

by Lemma 1. [J

This inequality extends Nesterenko’s estimate for the case of a prime ideal
[28, Section 6, Proposition 1] to the case of an arbitrary ideal.

Remark 5. By Gotzmann’s persistence theorem [16] we have that for a homogeneous
ideal I C k[xo,...,x,] of dimension d there exists mg € Z such that

= my

h(m)><m+d+1) <m~deg1+d+1)
24 fest - 3

d+1 d+1

as it is noted in [6, Remark 0.6]. Our theorem shows that this inequality holds globally,
not only for big values of m.

Given [ Ckl[xgp,...,x,] an homogeneous ideal of dimension d >0, let H;(¢):=
S0 o Pr(m) ™ denote its Hilbert—Poincaré series. Then the previous result states
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that
l_tdegl
H@) > —————
()2 (1 —ty+2

in the sense that the inequality holds at each term of the power series.

This estimate is optimal in terms of the dimension and the degree of the ideal /.
The extremal cases correspond to hypersurfaces of linear subspaces of P". This can be
deduced from [6, Corollary 2.8], which in turn depends on Gotzmann’s theorem, but
it can also be proved in an elementary way [32, Proposition 2.34).

We devote now to the upper bounds. In this respect we have two different estimates.
The first bound is sharp for small values and the second for big ones.

The first upper bound will be deduced from a series of results and observations.

Definition 6. Let ¥ C P” be a variety. Then the linear closure of V is the smallest
linear subspace of P” which contains ¥, and it is denoted by L(V).

Remark 7. Let E C P" be a linear space. Then its defining ideal /(E) C R; is generated
by linear forms, and it is easy to see that
dim E =n — dimg I(E),.

Let V' C P" be a variety, and let L € R; be a linear form. Then L|, = 0 if and only if
Liyvy =0, and thus I(L(V))=((¥)1). In particular, we have that

hy(Ly=n+1—-dimg J(V); = dimL(V) + 1.

The following proposition shows that the dimension of the linear closure is bounded
in terms of the dimension and the degree of the variety. It is a consequence of Bertini’s
theorem [21, Theorem 6.3]. A proof can be found in {17, Corollary 18.12].
Proposition 8. Let V CP" be an irreducible variety. Then

dmL(V)+ 1< degV +dim V.

The following is an estimate for the degree of the image of a variety under a regular
map. It is a variant of [20, Lemma 1] and [30, Proposition 1].

Proposition 9. Let V CP" be a variety and f,..., fNel_c[xo,...,x,,] homogeneous
polynomials of degree D which define a regular map

@ P"— PV,

x:=(xp:...:x)— (fox):...: ().
Then deg (V) < deg V D4m ¥,
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Proof. We can suppose, without loss of generality, that V' is irreducible. Let d :=
dim @(V'), and let H,,...,H; CP" be hyperplanes such that

#Ho(V)NH N---NHg)= dego(V).

For each i=1,...,d, let L;cR; be a linear form such that H;={L;=0}. Then
#Ho(VYNH N --- NHy) is bounded by the number of irreducible components of
o~ "(e(V)NH N --- NH;) and so we have that

He(V)NHI N - NHy) <dego™ (@(V)NHI N - NHy)

d
= deg(Vmﬂ V(L,-(fo,...,fN))> < deg vV D?

i=1

holds, by Bézout’s inequality. We then have that deg (V)< deg V D¥™" holds, as
dim (V)< dim¥V. O

Now it follows easily the desired inequality for the case of an irreducible variety.

Proposition 10. Let V CP" be an irreducible variety of dimension d, with d > 0.
Then

hy(m) < deg Vm®+d, m>1
Proof. For n,me N, let

o PP — PO, (xo: ... :xn)F—*(x(i))lil:m

be the Veronese map of degree m. Then v,|y : V — v,(V) is a birregular morphism of
degree m, and so we have that

ho v (k) =hy(mk), k21
In particular, we have that
hy(m)=h, ((1)=dimL(V)+ 1
holds, by Remark 7, and so
hy(m) < degv,(V) + dim v, (V) < deg V m® +d

by application of Propositions 8 and 9. [

We can extend this bound to the more general case of an unmixed radical ideal in
k[xo,y ... Xn].
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Theorem 11. Let k be a perfect field, and let I Ck(xo,...,x,] be a homogeneous
unmixed radical ideal of dimension d, with d > 0. Then

hi(m)< degIm® +irrld, m>1.

Proof. Let /° CR; be the extended ideal of / in R;. Then /¢ is an unmixed radical
ideal of dimension d [35, Ch. VII, Theorem 36, Coroilary 1], [27, Theorem 26.3]. Let
I® = (pP be the minimal primary decomposition of /°. Then we have that

hi(m)< Y~ hp(m)
P

holds, from where

hi(m)< > (deg V(P)ym® +d)=degIm’ +irrld, m>1
P
by Proposition 10. O

This inequality has the same order of growth of 4;. We see also that it does not
improve the estimate

—1 d—1
h,(m)gdegl<m+j )-I—irr](m: 1 ) m>1,

which follows from Chardin’s arguments [10].

From the asymptotic behavior A;(m)~ (degl/d!)m® we see that this inequality is
sharp for big values of m only when d=1. In this case, the inequality is optimal
in terms of the degree and the length of the ideal, and we determine the extremal
cases.

Definition 12. Let V, W CP" be varieties. Then V,W are projectively equivalent if
there exists an automorphism 4 € PGL,.1(k) such that W =A(V) [17, p. 22].

Remark 13. Let V, W CP" be varieties. Then ¥V, W are projectively equivalent if and
only if its coordinated rings k[V'], X[W] are isomorphic as graded k-algebras. In par-
ticular, their Hilbert function coincide.

A curve CCP" is called a rational normal curve if it is projectively equivalent
to v,(P'). Then C is nondegenerated, i.e. L(C)=P" [17, Example 1.14], and its de-
gree is n. By Proposition 8 the degree of C is minimum with the condition of being
nondegenerated. In fact, rational normal curves are characterized by this property [17,
Proposition 18.9].

Now let ,neN, §=(y,...,6;)€ N/ such that |5|: =8, +---+ 6, <n+1~1 For
1<j<l, let nji=8,+ - -+ 3, +/, and consider the inclusion of linear spaces given
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by

. ) —_—
i P% — P, (o: ... x5 )—=(0: ... :0:xp: ... 1x5,:0: ... :0).

The linear subspaces ij([F°‘5") C P" are disjoint one from each other. Let

1
C(n,0): = | ij(vs (P")) CP".

j=1

A curve C CP" is projectively equivalent to C(n,d) if and only if there exist disjoint
linear subspaces E),...,E;CP" such that dimE; =¢;, CC UjEj, and

lezanngj

is a rational normal curve for 1 <</

Definition 14. Let ¥ CP" be a variety. Then V is defined over k if [(V)=k ®
L(V)Ck[xg,...,x,], i.e. if its defining ideal is generated over £.

The following lemma is well known; we prove it here for lack of suitable reference.

Lemma 15. Let ¢:P" — PN be a regular map defined over k, V C P" be a variety
defined over k. Then o(V)C PV is defined over k.

Proof. We have the following commutative diagram:

k[xo, ..., xN] ————— k[V]

-

E[xo, ..., 5n] ————— k[V]
with ker ¢ =Ix(W) and ker ¢f =I;(W). We have that k@ k[V1=k[V], as V is de-

fined over k, and tensoring with k we get

- 1-€®/¢</J; -
klxo, ..., xy] ——————— k & k[V]

- o7 -
klxo,...,xy] ——————  k[V]
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with ker k ®y @f =k @ (W), from where we deduce that I;(W) =k & (W) holds,
i.e. [y(W) is defined over k. O

The Veronese map v,: P! — P" is defined over k. Then v,(P') is defined over &,
by the preceding lemma. We have that

I}
C(n,8) =) ij(v5,(P"))
Jj=1

is the minimal decomposition of C(n,d) in irreducible curves. Thus, C(n,9d) is also
defined over &, and so

i I(Cn,6))=1,  degli(C(n,5))=|5].

Lemma 16. Let V, W CP" be varieties. Then
IV)+I(W)=(x0,.-.,%n)

if and only if V, W lie in disjoint linear subspaces of P".

Proof. Given V, W C P” varieties, they lie in disjoint linear subspaces if and only if
LNNLWw)=0.

Let Ly :=I(L(V)), Ly : =I(L(W)). By Remark 7 we have that L, =(I(V');)CI(V)
and Ly ={(W) ) CI(W) holds. In particular, Ly, Ly are generated by linear forms,
and so

Ly + Ly =I(L(V)NL(W)).
Let be given varieties ¥, W C P" such that L(V)NL(W)=10. Then
LV + LW:(an" '5xrl)

and so I(V)+ I(W)=(xo,...,x,). Conversely, suppose that /(¥ )+ I(W)=(xq,...,%n).
Then

X0s-. s Xn €IV + I(W)y.

Thus, Ly + Ly = (xq,...,%x,) and so L(V)NL(W)=0. O

Proposition 17. Let k be a perfect field, and let I Cklxo,...,x,] be a homogeneous
unmixed radical ideal of dimension one. Then

hiim)=deg Im+irrl, m>1
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if and only if there exists 6 €N' with [:=irrl, such that |3|= degl, and a curve
C CP" defined over k projectively equivalent to C(n,d) such that I =1(C).

Proof. Let CCP" be a curve defined over £, projectively equivalent to C(n,d) for
some 6 € N’ and /=irr]. Then k ®; [t(C)=I(C), and so
irr L(C)=irr I(C(n,d)) =1, deg ,{C)= degI(C(n,6))=J|.
We aim at proving that
hioymy=8lm+1, m>1
We have that Ay, (c)(m)=hc(m) = hcgs)(m) and so it suffices to prove that
hepay(my=16lm+1, m>1.
We shall proceed by induction on /. Let Cy: = v4(P'). We have the inclusion of graded
k-algebras
HC=kixo,. .. xa/I(C) B Fryl,  xoxiy®™

We then have that k[C;] 22 @Jio klx, ¥14; holds, from where hc,(m)=dm+1 form > 1,
and so the assertion is true for /=1. Let / > 1, and let C(n,d6)={]J ; C; be the minimal
decomposition of C(n,d) in irreducible curves. Then C; U --- U C;_y, and C; lie in
disjoint linear spaces, and so

(G U---UC-1)+I(C)=(x0,...,Xn)
by Lemma 16. We then have that
he(m)=heu...uc,_,(m) + he,(m), m>1
holds, and from the inductive hypothesis we get
he(my={(6+ -+ )ym+(U-D}+{dm+1}={m+1, m>1.

Now we shall prove the converse. We have that /° is a radical ideal, and so /° is the
ideal of some curve C C P”" defined over £.
We shall proceed by induction on /:=irr/. Let /=1, i.e. C C P”" irreducible. Then

dim L(C)=hc(1) = 1 = deg C

and so C CL(C) is a nondegenerated irreducible curve of minimal degree. We then
have that C CL(C) is a rational normal curve [17, Proposition 18.9].

Let /> 1, and suppose that the assertion is proved for (/) </—1 and K an arbitrary
field. In particular, it is proved for k, the algebraic closure of k. Let C=C;U---UC;
be the minimal decomposition of C in irreducible curves. Then

hce(m) = hc,u...uc,_,(m) + hc,(m) — hyc,u...uc- y+acp(m), m=>1
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We deduce from Theorem 11 that
hc,(m):élm +1,
heyuue (m)y=@G1+--+4_1)m+(—-1)

and so C; CL(C)) is a rational normal curve, and by the inductive hypothesis C; U
---U (. is projectively equivalent to C(n,(degCj,...,deg C;_1)). Thus,

he(m)=18|m+ 1 — hycu...uc,_y+icy(m), m>1
from where
I(Ci U - UG )+ I(C)=(xo,...,Xn)

Then CiU --- UC)_,, and C; lie in disjoint linear spaces, by Lemma 16, and so C is
projectively equivalent to C(n,(degCy,...,degCy)). O

Now, we shall derive another upper bound for the Hilbert function of an unmixed
radical ideal. The following lemma is well known; we prove it here for lack of suitable
reference.

Lemma 18. Let A be an integrally closed domain, K its quotient field, L a finite
separable extension of K, B the integral closure of A in L. Let n€B such that
L=KIn), and let f € A[t] be its minimal polynomial. Then

S (n)BC Aln]
Proof. Let M C L be an A-module. Then
M':={xeL|Trk(xM)C 4}

is called the complementary module (relative to the trace) of M [25, Ch. III, Section 1].
It is straightforward that if M C B then M’ D B. We have that

_ Al
S
holds [25, Ch. III, Proposition 2, Corollary], and so BC A[n]) =A[nl/f'(n). O

Alny

In the language of integral dependence theory, the last assertion says that f'(#) lies
in the conductor of B in A[]. O

Theorem 19. Let k be a perfect field, and let I Ckixo,...,x,) be a homogeneous
unmixed radical ideal of dimension d, with d > 0. Then

m+degl +d m+d
< — >1
h’(m)"( d+1 ) (d+1>’ "=

Proof. We shall consider first the case when P C I_c[xo, ...,Xz] is a homogeneous prime
ideal.
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The field & is algebraically closed, and so it is both infinite and perfect. Let yy, ..., y4,
n € k[xo,...,x,] be linear forms such that

I-c[yo,...,yd] — /—c[xo,...,x,,]/P

is an integral inclusion of graded k-algebras, and such that if K, L are the quotient
fields of l_c[yo,..., Vil l-c[xo,...,x,,]/P, respectively, then K < L is separable algebraic
and L =K[#].

Let A:=k[yo,...,va], B:=k[xo,...,x,)/P. As a consequence of Krull’s Hauptide-
alsatz we have that

Aln] = A[)/(F),
where F € k[yq, ..., va][t] is a nonzero homogeneous polynomial. We then have that

m+d+l)_(m—degF+d+1)

dim(4[n])m = h(ry(m) =( d+1 d+1

We also have that A[n] — B — A[n]/F'(n) holds, by Lemma 18, and thus

m+d—+1\ [m—degF+d+1 <
d+1 d+1 -

m+degF+d> <m+d>
- , m>1.

< <
—hAmL< d+1 d+1

We deduce that deg F' = deg P, and so

m+degP+d m+d
< — > 1.
hP(m)‘( d+1 > (d+1)’ mzl

Now we extend this bound to the case of an unmixed ideal. We have that /° is and
unmixed radical ideal. Let /= [,P be the primary decomposition of /°. We have
that

m+degP +d m+d
h < - >1
’('")‘z,,:{( d+1 ) (d+1>}’ "=
Then, we have that

degl—1

T mtd+i m+d+i
<3 3 (M) X (M)
P i=0

i=0

_(m+degl+d\ (m+d o

N d+1 d+1)
Remark 20. This inequality is sharp for big values of m, as it is seen by comparing
it with the principal term of the Hilbert polynomial of /.
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From the expression
. degl—1 .
m+degl +i m+d m+d+i
h < - = ,
’(’”)—< d+1 ) <d+1> ; ( d
we see that it does not improve Chardin’s estimate [10]
deg/—1
m+d m+d
h < I =
I(m)_deg( J ) ZO( ; )
in any case. However, we remark that the proof is simpler and that we can use it in
our applications instead of Chardin’s estimate obtaining very similar results.

Let k be a perfect field, 7 Ck[xy,...,x,] an homogeneous unmixed radical ideal of
dimension d >0, and let H; denote its Hilbert—Poincaré series. Then the previous result
states that

deg /
tdegl 1H (t)_ ElT—t);IE
in the sense that this inequality holds at each term of the power series.

We derive an upper bound for the Hilbert function of a generic hypersurface section
of an unmixed radical ideal, which need not be unmixed nor radical. This result is an
application of both our upper and lower bounds for the Hilbert function. The use of our
upper bound (Theorem 19) can be replaced by Chardin’s estimate [10] but the bound
so obtained is essentially the same. In this way we keep our exposition self-contained.

Lemma 21. Let k be a perfect field, and let I Ck|xy,...,x,] be a homogeneous un-
mixed radical ideal of dimension d, with d > 1. Let n € k[xy,...,x,] be a linear form
which is not a zero-divisor modulo I. Then there exists my such that

mo+d mo+d —3 degl
higy(mg) < ( d )—( d )

and 3degl <my<5ddegl.

Proof. Let 6:=degl, k: =348, 1. =23, m:=>5d5. We aim at proving that

(1) Bt

=0

We have that
— [(m+d—j\ (m+d—k—-j\\_[(m+d+1\ (m+d+1-1
’ d d N d+1 d+1
f(mAd+1-k\ (m+d+1-k-1I
d+1 d+1

il
<
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holds. We also have that

-1

) +d+0 +d
Zh("")(m—j):hu’"l)(m) S{<md+1 )—(’:Jr 1>}

j=0
Cf(mAd+1=1\ (mAd+1-5-1)
d+1 d+1

holds, by application of Theorems 19 and 4. Then, it suffices to prove that
mtd+1-86\ (m+d+1-06-1
d+1 d+1
f(m+d+1-k\ (m+d+1-k-!
d+1 d+1
S m+d+6\ (m+d\| [(m+d+1\ (m+d+1-0
- d+1 d+1 d+1 d+1 '
We have that
m+d+1-6\ (m+d+1-0-1
d+1 d+1
m+d+1—k\ (m+d+1—k—I
- d+1 d+1
_2’: mtd+1-0—i\ (m+d+1—k—i
I d d
I k=
:Z (m+d+l—(5 )>l(k 5)(m+d—1—k—i)
d—1
+d+5 _m+d _ m+d+1 _m+d+l—§
d+ d+1 d+1 d+1
_2‘5: mtd+6—i\ (m+d+1-i
—'=1 d d

d o
_ Z<m+d+5—l— )552(m+;1_11+b>

and
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hold, and thus it suffices to prove that

_ M- (M)
&2 — (m+dd—17k—l)

4

This is clear when d = 1, as in this case, the right-hand side of this expression equals 1.
When d > 2 we have that

(”’+Z:11+6) 4] m+0+j 6/5 - 6/5
(m+d;:k—l):JIJm—k—lJer(ler—l) =

and so our claim follows, and we conclude that

mo+d)_(mo+d—3 degI)

b (mo) < ( d d

for some my such that 5d6 — 20 + 1 <my<5d6. O

Theorem 22. Let k be a perfect field, and let I Ckixy,...,x,] be an homogeneous
unmixed radical ideal of dimension d, with d > 0. Let f € k(xy,...,x,] be a polynomial
which is not a zero-divisor modulo I. Then

ha p(m) < degl, m>1,
h, ) (m)=0, m> degl +deg f — 1

if d=0, and

d—1
hu,ry(m) < 3deg f degl (m + )

d-1
ifd>1 and m>5ddegl.

Proof. Let 6:= degl, dy: = deg f. We have that A, ry(m) = h;(m)—h;(m—dp). Con-
sider first the case d =0. Then h;(m) < for m>1 and h;(m)=0 for m>5 — | by
Lemma 3, and thus

hi, ry(m)=0, m>6+dy— 1.

Now let d > 1. We have that /¢ is an unmixed radical ideal, and so there exists a linear
form # € kxy,...,x,] which is not a zero-divisor modulo /°. By Lemma 21

m+d m+d —3degl
R

for some 3degl <my<5ddegl.
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Let m > 36. We then have that

m+d\ (m+d—3degl _i‘: m+d~j)
d d - o \m -j+1
is the m-binomial expansion of

m+d\ (m+d—3degl
d d ’

and so

m+d m-+d—36
iz ()74

for m > my by Macaulay’s theorem and Remark 2. We then have that

g m+d—1
hy, p(m)=hge, £y (m) = Z% hge,py(m — j) < 3do5( d—1 )
j:

for m>5dd. O

3. Construction of regular sequences

In this section we devote to the construction of regular sequences with polynomials
of controlled degrees satisfying different conditions. Throughout this section & will
denote an infinite perfect field.

Let be given a homogeneous unmixed radical ideal I C &[xy,...,x,] of dimension
d >0, and a homogeneous polynomial F € k[xy,...,x,] which is not a zero-divisor
modulo /. We shall show first that there exist homogeneous polynomials of con-
trolled degrees f1,..., fu—a €1 which form a regular sequence which avoids the hy-
persurface {F =0}, i.e. such that no associated prime ideal of (fi,...,f;) lies in
{F =0} for 1 <i<n—d. This result is an application of our bound for the Hilbert
function of a generic hypersurface section of an unmixed radical ideal
(Theorem 22).

Lemma 23. Let I,P Cklxo,...,x,] be homogeneous ideals, I unmixed radical of di-
mension d, with d >0, P prime of dimension e, with e>d. Let F € k[xo,...,x,] be
a homogeneous polynomial which is not a zero-divisor modulo 1. Then there exists
g€ (l,F)— P such that

deg/ +degF —1 ifd=0,
degg <
5d deg F deg/ ifd>1.
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Proof. Let 6:= degl, dp:= degF, J:=(I,F). Consider first the case d =0. Then
hyimy=0, m>o6+dy—1

by Theorem 22, and so there exists g&€J — P with degg<d+dp — 1.
Now let d > 1. We have that P C k[xp,...,x,] is a homogeneous prime ideal of
dimension e >d, and so

ho(m) > <m+e)2<m+d)'
e d
Let my:=5dd,6. We then have that

ha, £y (mo) < 3dd <’”0 +d - 1> - <m0 +d

<
d—1 d > < he(m)
holds, by Theorem 22, and so there exists g €J — P such that degg <my. O

Theorem 24. Let I C k[xo,...,x,] be an unmixed radical ideal of dimension d, with
d>0, and let F €klxo,...,x,] be a homogeneous polynomial which is not a zero-
divisor modulo I. Then there exist homogeneous polynomials fi,..., fn—a €1 such
that F, f1,..., fu—d € kl[x0,...,Xn] is a regular sequence and

deg/ +degF —1 ifd=0,
deg f; <
5d deg F degl ifd>1.

Proof. We show first that there exist homogeneous polynomials gi,...,gn—q €
(I,F) such that F,gy,...,g,—4 is a regular sequence and

degl +degF —1 ifd=0,
degy; < .
Sddeg F deg/ ifd>1.

We proceed by induction. By Lemma 23 there exists g € (I,F), g #0 which satisfies
the stated bound.

Now let 1 <j<n—d-1, and let gi,...,g; € ({,F) be homogeneous polynomials satis-
fying the stated bound on the degrees and such that F,gi,...,g; is a regular sequence.
Let

Jii=(F,g1,...,9;) Ck[x0,-..,%n]

and let P be an associated prime ideal of J;. The ideal J; is unmixed, and so dim P =
n—j—1 < d. Then there exists gp € (I, F) — P which satisfies the stated bound on the
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degrees by Lemma 23. By eventually multiplying each gp by a linear form which is
not a zero-divisor modulo P we can suppose that

deg/ +degF —1 ifd=0,
deggp = .
5ddeg Fdegl ifd>1.

As the field is infinite, there exists a k-linear combination g := ZP Apgp such that
ge(l,F) — P for every associated prime ideal of J;, so that g is a homogeneous
polynomial and F,g;,...,g;, g is a regular sequence of polynomials satisfying the
stated bounds on the degrees.

Let g;=fi + Fh; with f;€l for 1<i<n —d. Then deg f;= degg;, and g; = f;
mod (F), and so F, fi,..., f»—q is also a regular sequence for which it holds the an-
nounced bounds on the degrees. [J

We observe that in the case when degF =1, Lemma 23 can be deduced from
Lemma 21, and so Theorem 24 does not depend on Macaulay’s theorem. It can also
be shown in the case when deg F > 2 that it does not depend on Macaulay’s theorem
altogether [32, Theorem 3.40].

Definition 25. Let 4 be a ring. Then fi,..., f; €4 is a weak regular sequence if f; is
a nonzero divisor in 4/(fi,..., fi—1) for 1 <i<s.

This definition differs from the usual definition of regular sequence only in one point,
namely in that we allow f; € 4/(fi,..., fs—1) to be a unit.

Let F, fi,..., fs €k[xo,...,x,] be homogeneous polynomials such that fi,..., f; €
k[xo,...,xs]F 1s a weak regular sequence. It is not always the case that fi,...,f; €
k[xo,...,x,] is a regular sequence, as some components of high dimension may appear
in the hypersurface {F =0}. Consider the following example.

Example 26. Let 4 > 1, and let
fi=x, o= x‘l”l +x2xg, 3= xi”l +x3xg € klxg,x1,x2,%3).

Then f; =xx¢, f3=x3xI mod(f)), and so they form a regular sequence in k[xo,x;,
x2,x3]F. We have that

{(o:... :xa) €P? |x=0, x1 =0} CV(fi, fo. /) C P>
and so f1, f>, f3 cannot be a regular sequence in k[xy,...,x;3].
We shall show that the weak regular sequence fi,...,f; €k[xp,...,x,]F can, in
fact, be replaced by polynomials pi,..., ps € k[xp,...,x,] of controlled degrees such

that (f1,...,fi)=(p1,..., pi) Cklxg,...,x,]F for 1 <i<s and such that p,..., p, €
k[xp,...,x,] is a regular sequence. Our proof follows Dubé’s arguments, who gave an
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incomplete proof of a similar statement [11, Lemma 4.1] under an unproved assumption
on the Hilbert function of a certain class of ideals {11, Section 2.1].

Proposition 27. Let s<n+1,andlet F, f1,..., fs € k[xo,...,x,] be homogeneous poly-
nomials, with deg F > 1, such that f1,..., fs €kixo,...,xa)F is a weak regular sequence
and such that (fi,..., f;) €k[xo,...,x,)F is a radical ideal for 1 <i<s—1. Let I; :=
(f15--» f[I)Cklxo,...,xn]r and let If := I N kixg,...,x,] for 1 <i<s. Then there
exist homogeneous polynomials p,..., ps € k[xo,...,x,] which satisfy the following
conditions:

(1) pr=Ffi, pp=F%f), p;=F%fimodI | for some c;€Z, for i=3,...,s.

(i) pi1,..., ps €k[xo,...,xs] is a regular sequence.

(iii) deg p;<max{deg f;,5(n + 1 — i)degFdegli ,} if i<n, and deg pni1 <
max {deg fp+1,degl; +deg F — 1}.

Proof. We shall proceed by induction. Let f1=F®ay, f, =F%a,, with Fla;, Fla,.
Then f1, f; is a weak regular sequence in k{xp,...,x,)r if and only if a; # 0 and
(a,:a;)=1, and thus

pi:=F"°fi, pi=F"%f

is a regular sequence in k[x,...,x,]. Now let i > 3, and suppose that py,..., p;| are
already constructed with the stated properties. Let

Lioy:==(p1,-., pi-1) Cklxo, ..., %]
and let L;_, = ﬂ;zl Q; be an irredundant primary decomposition of L;_; such that
F¢\/Q;, for1<j<r,

Fe\Q; forr+1<j<t.

Let (L;—;) denote the extension of L, to the ring k[xg,...,x;]r. Then (L;—1)}=1_;
and so

Iic—] = ﬂ Qj
j=1

is a primary decomposition of I ;. We have If | =(1) or dim/f ;=n—i+ 1. In any
case, there exist by,...,b,_; €I, homogeneous polynomials such that F,b,...,b;_
is a regular sequence and such that

degb; = max{deg f;,5 (n+ 1 —i)deg Fdeglf ;}, 1<j<i—1
if i<n and

deg b; = max{deg fy41,deg/; +degF —1}, 1<j<n
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if i=n + 1, by application of Theorem 24 and by eventually multiplying each b; by
an appropriate linear form. Let

i—1
U = Z ljbj Glic_l
=1

be a k-linear combination of the b;. We shall prove that a generic choice of 4,..., 4,
makes p; := F¢ f; + w; with ¢; := degu; — deg f; > 0 satisfy the stated conditions.
We have that

deg p; = max{deg f;,5(n+ 1 — i)deg Fdegl{ |} if i<n
and
deg pn.+ =max{deg f,+1,degl; +degF — 1}.

hold. We aim at proving that p; does not belong to any of the associated prime ideals
of Li~1 .

Consider first 1 <j<r. Then f; §£\/§j as f; is a nonzero divisor modulo /;_;. We
have that u; €I{_, and so p; =F% f; + u; ¢/Q;.

Now let r + 1<j<t Then dimQ;=n—i+ 1 as L;,_; is an unmixed ideal of
dimension n — i + 1, and we have also that F G\/Qj. Thus there exists 1 </<i—1
such that b, ¢\/§j, and so p; ¢ \/Qj for a generic choice of the A,...,4_;. U

As a corollary, we deduce that if we have a weak regular sequence f,..., f; €
k[x1,...,xn] of affine polynomials, we can replace it by another weak regular sequence
Pi,.-., Ps €k[x1,...,x,] with polynomials of controlled degrees such that (f},..., fi) =
(p1,...,pi) for 1 <i<s and such that the homogenizated polynomials p,,..., b, €
k[xg,...,x,] form a regular sequence.

Corollary 28. Let f1,..., fs €k[x1,...,x,] be a weak regular sequence of affine poly-
nomials such that (f1,..., ;) Cklxi,...,xs] is a radical ideal for 1<i<s — 1. Let
Lii=(f1,-., [i) Cklx1,...,xa) for 1 <i<s. Then there exist polynomials pi,..., ps €
klxi,...,x,]) which satisfy the following conditions:

W) p=f1, pp=f2, pi = fimod [,_; for i=3,...,s

(i) py,..., Dy €k[xp,...,x,] is a regular sequence.

(iii) deg p; < max{deg /;,5(n + 1 — i)degli_1} if i<n and deg p,. =
max{deg fn+1,degfn}.

Proof. We have that f1,..., fs €k[xy,...,x,] is a weak regular sequence, and so f~1,...,
JyEk[xg,...,xnls is also a weak regular sequence. We have also that (f,..., f;)g
klxo,...,Xn)x, 18 a radical ideal for 1 <i<s — 1. Let r,...,r; €k[xp,...,x,] be the
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homogeneous polynomials we obtain by applying Proposition 27 to f~1, ces f: Let

pi=rf, 1<i<s
Thus, deg p; < degr;, and xi p, =r; for some ¢; > 0. Then p,,..., p, € k[xo,...,x,] is
a regular sequence, and so pi,..., ps satisfy the stated conditions. [l

Our bounds for the degrees in the preceding propositions depend on the degree of
certain ideals associated to fi,..., f;. The following is a Bézout-type lemma which
shows that these bounds can also be expressed in terms of the degrees of the polyno-
mials f1,..., fs.

Lemma 29. Let s<n,andlet F, f1,..., fs € k[xo,...,x,] be homogeneous polynomials,
with deg F > 1, such that fi,...,fs€k[xo,...,xs)r is a weak regular sequence. Let
I'=(f1..... fs) Cklxo,....xs]F, and let I° := I N k[xg,...,xn]. Then

degl® < Hdegf,-.

i=1

Proof. If /°=(1) there is nothing to prove. Otherwise we have that dim /¢ > 0.

Let I; .= (f1,..., fi) Sklxo,....xu)F, Ji := U7\, fi) Ck[xo,...,x,] for 1 <i<s. Then
dim/f = dimJ;=n—i and J; CIf, and so deglf < degJ,.

We shall proceed by induction on i. For i =1 we have that deg I{ < degJ, = deg f
holds.

Let i>2. Then f; is a nonzero divisor modulo /7 ; and so

degl{ < degJ; = deg f; degli_, < Hdegfj

J=1

by the inductive hypothesis. [

4. The effective Nullstellensatz and the representation problem
in complete intersections

In this section we consider the problem of bounding the degrees of the polynomials
in the Nullstellensatz and in the representation problem in complete intersections.

As a consequence of the results of the previous section we obtain bounds for these
two problems which depend not only on the number of variables and on the degrees of
the input polynomials but also on an additional parameter called the geometric degree
of the system of equations. The bounds so obtained are more intrinsic and refined than
the usual estimates, and we show that they are sharper in some special cases.

Our arguments at this point are essentially the same of Dubé [11].
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The bound we obtain for the effective Nulltellensatz is similar to that announced in
[15, Theorem 19] and proved in [14] by algorithmic methods and to that obtained in
[24] by duality methods.

Let g, f1,..., /s €k[x1,...,x,] be polynomials such that g€ (f1,..., f;). Let D> 0.
Then there exist polynomials ay,...,as € k[xi,...,x,] such that

g=a1fi+ - +asf;

with dega; f; < degg + D for i=1,...,s if and only if

xgée(f;,..-,)i)gk[xo,...,x,,]

and so in this situation we aim at bounding D such that xOD ge( f~1,..., f;).

We shall suppose n,s > 2, as the cases n=1 or s =1 are well known. Also we shall
suppose, without loss of generality, that & is algebraically closed, and in particular
infinite and perfect.

Let Ay,...,hy €k[x),...,x,] be a weak regular sequence such that (k,...,HA;) is radi-
cal for 1 <i<s—1. In particular, we have that s <n+1. We fix the following notation:

Ii = (h19~~'ahi)gk[xh'"axn]a
Ji =iy, b)) Ckixo,. .., %),

Hy = (b, b)) Chlxo,.... %),
for 1 <i<s. Let J;=()p QOp be a primary decomposition of .J;, and let
= () o
P:dim P=dim/

be the intersection of the primary components of maximal dimension of J;, which is
well defined as the isolated components of J; are unique.We have that J; CJ* cl.
Let

y1:=0,
y; 1= degh;degl;_; —degl, 2<i<n,
Ynt1 = deg hap1 + degly ~ 1,
Lemma 30. Let g€ /; for some 1<i<s. Then we have that xg €J* holds.

Proof. The case | <i<nis [11, Lemma 5.5].
We consider the case i =n+ 1. We have that [, C k{xo,...,x,] is an unmixed radical
ideal of dimension zero and we have that 4,,; is not a zero-divisor modulo /,, and
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so by Theorem 22, h;,,(m)=0 for m> degf,, +deg hipy1 — 1. Then x}™' € J,14 QJ,,*H
and thus x)"'geJy,. O
Then we apply Corollary 28 to the sequence hy,..., ks, to obtain polynomials py,...,
ps € k[x1,...,x,] such that
(i) p1=hy, po=hy, and p;=h; 4+ u; for some u; €1,_;, for 3<i<s.
(i) py,..., p, €klxo,...,x,] is a regular sequence.
(iii) deg p; < max{degh;,5(n + 1 — i)degli_,} for 1<i<n and deg p,s <
max {deg k), degl,}.
Then g, :ng/1,~+a,., with ¢; =0 ¢, =0 and ¢; = max {0,5(n+ 1 —i)deg/;,_; —deg #;}
for 3<i<n, and c,; =max{0,deg/, — degh,,,}. Let
i i—1
D= (+1-j)y+> (i—j)
Jj=2 Jj=3

for 1<i<s.
Lemma 31. Let g<l; for some 1 <i<s. Then we have that xé)”geH,v holds.

Proof. This proposition follows from the proof of [11, Lemma 6.1] and [11, Lem-
ma 6.2], applying Lemma 30 for the case i=n+1. O

Now the task consists in bounding D;. Our bound will depend not only on the
number of variables and on the degrees of the polynomials 4,..., A, but also on the
degrees of some homogeneous ideals associated to them.

Lemma 32. Let d := max, <, < degh; and ; := degfi for 1<i<s. We then have
that
D; < min{s,n}*(d + 3n) max J;

1<i<min{s,n}—1

holds.

Proof. Let d;:= degh; for 1 <i<s. We have that

s—1 s—1

S =i = Y (s = Hmax{0,5(n+ 1 — )1 — )

j=3 j=3

s—1
<S(n-2) Y (- max_ s
J=3 =T

<3m—-2)(s—2) lsrpg)g_zé,.
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holds. Let s <n. We then have

Yo s+ = Z(s+1 DICIRE ]
j=2

< Jjd max 5;<s*d max ;.
1<i<s—1 1<i<s—1

Thus,

Dy < d1gr?§)§_15’ +3(n—-2)s—2) ma>§ 25,

< s (d+ 3n)  max i
SISSs—

Also, we have that

n+1 n
ST t+2-)yy =) (42— )ddm1 — 8) +dur1 + 0 — 1
j=2 j=2

n
< ‘d max 5<nd max o;
_Z:] 1<i<n— 1<i<n—1

holds, and, thus,

Dye1 < n*d  max (5,<—i—3(n—2)(n—1)2 max 0;
1<i<n—1 <i<

- <n-1

< n(d +3n) | Jnax léi. g
<i<n—

Let k be an arbitrary field, and let be given f1,..., fs €k[x),...,x,] polynomials
which define a proper ideal (f3,..., f;) Ck[x1,...,%s] of dimension n—s or 1 €(f3,...,
f5). Then there exist hi,...,h k-linear combinations of the polynomials {f;,x;f; |
1<i<s,1<j<n}, and an integer ¢ <s such that

(1) (.. b)) =(fr,-- 0 S5)

(ii) hi1,...,h, is a weak regular sequence.

(iit) (hy,...,h;) is a radical ideal for 1 <i<¢ — 1.

In the case when k is a zero characteristic field, we can take Ay,...,h, as k-linear
combinations of fi,..., fs. In fact, in both cases a generic linear combination will
satisfy the stated conditions. This result is a consequence of Bertini’s theorem [21,
Corollary 6.7] (see, for instance [30, Section 5.2; 23, Proposition 37]), and allows us
to reduce from the general situation to the previously considered one.
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Let d := max; <, <, deg f;, and suppose that deg f; > deg f;41 for 1 <i<s—1. Then
in the case when k is a zero characteristic field we can take Ay,...,4, such that

degh; < degfi, 1<i<t¢

and degh; <d + 1 in the case when char(k)= p > 0.

Definition 33. Let £ be a zero characteristic field and let f1,..., f; € k[xy,...,x,] be
polynomials which define a proper ideal (f1,..., f;) C k[x1,...,x,] of dimension n — s
or such that 1€ (f1,..., f;). For A=(4;);; €k** and 1 <i <y let

gi(A) = Ayfj €kx1,...,X]
-

be k-linear combinations of f1,---» fs. Consider the set of matrices I’ C k5% such
that for A€ I' there exists ¢ =1#(1) <s such that (g1,...,9)=(f1,---» f5)s G1,---,G; 18
a weak regular sequence and (gi,...,4;) C E[xo, ...,X,] is a radical ideal for 1 <i<¢—1.
Then I'#0, and in fact I' contains a nonempty open set U Ck**S Let F(1):=
V(gi,...,9:) C A" be the afhine variety defined by g,...,g; for 1 <i<s, and define

()= Vi(A).
(4) 1<i< nrlri:?t((/l),n}—ldeg )

Then the geometric degree of the system of equations f,..., f; is defined as
o f1,s f5) 1= min o(4)

In the case when char(k)= p >0 we define the degree of the system of equations
f1,..., fs in an analogous way by considering k-linear combinations of the polynomials

fl,u-,f:s‘yxlfls""xﬂf:?‘

This definition extends {24, Definition 1] to the case of a complete intersection ideal.
It is analogous to the definition of degree of a system of equations of [15], though
this degree is not defined as a minimum over all the possible choices of 4 € I" but by
a generic choice.

Remark 34. We see from the definition that the degree of a system of equations
Si...., fs does not depend on invertible linear combinations, i.e. if p=(g;;);; € GLs(k)
and

gi = Z wii fi
J

for 1 <i<s, then o(f1,...,f5)=90(¢g1,...,9s), and so this parameter is in some sense
an invariant of the system.
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The following lemma shows that 8( f1,..., f5) can be bounded in terms of the degrees
of the polynomials f,..., f;.

Lemma 35. Let fi,..., fs €klxi,...,x,) be polynomials which define a proper ideal
(f15---5 f5) Cklxy,...,x,) of dimension n —s, or 1€ (f1,..., f5). Let d; :=deg f; and
d :=max <;<sd;, and suppose that d; > d;,, for 1 <i <s—2. Then

min{s,n}—1

fo-f)s ] @

i=1

in the case when k is a zero characteristic field, and
O(f1s.--» f3)<(d + l)mi"{S,n}—l

in the case when char(k)= p > 0.
Proof. This follows at once from Lemma 29. O

We have the following bounds for the representation problem in complete intersec-
tions and for the effective Nullstellensatz in terms of this parameter.

Theorem 36 (Representation problem in complete intersections). Let s<n, and let
Sfiseees fs €Ek[x1,...,xa) be polynomials which define a proper ideal (fi,...,f;)C
k[xi,...,x,] of dimension n —s. Let d := max,<;<,deg fi, and let 5 be the geo-
metric degree of the system of equations f\,...,fs. Let g€(fi,...,fs). Then there
exist polynomials ay,...,a; €k[x1,...,x,] such that

g=a1fi+ --+asf;

with dega, f; <degg + s*(d +3n)d for i=1,...,s.

Proof. This follows from Lemmas 31 and 32. O

Theorem 37 (Effective Nullstellensatz). Let f1,...,fs€klxi,...,x,] be polynomials
such that 1€(f1,....fs). Let d := maxi<;<,deg f;, and let 6 be the geometric
degree of the system of equations f\,..., fs. Then there exist polynomials a,...,a; €
kixy,...,x,] such that

1:a1f1+...+asf:s_

with dega; f; < min{n,s}*>(d + 3n)d for i=1,...,s.

Proof. This follows from Lemmas 31 and 32. [J
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We can essentially recover from Theorems 36 and 37 the usual bounds for the repre-
sentation problem in complete intersections and the effective Nullstellensatz. We have
for instance:

Corollary 38. Let k be a zero characteristic field and let f1,..., fs €k[xy,...,x,] be
polynomials such that 1 € (f1,..., fs). Let d; = deg f; and d := max, <; <, d, and sup-
pose that d; > d;ys for | <i <s. Then there exist polynomials a,,...,a5€k[xy,...,
xn] such that

l=a fi+ - +afs
with deg a; f; < min{n,s}*(d + 3m) [[T21" " d;  for i=1,...,s.

We remark that our bounds for these two problems are much sharper than this
estimate in some particular cases. Consider, for instance, the following example.

Example 39. Let & be a zero characteristic field and let hy,...,h; €k[xy,...,%,]
be a weak regular sequence of poiynomiais such that 1€ (hy,...,A). Let d =
max; < ;< degh;, and let f1,..., fs €k[x1,...,x,] such that

Ji=hi+u
with u; € (hy,...,hi_y) for 1 <i<s. Then
8= 0(fisenrs fi) = O(ha, ..., hy) < dminims}=1

Let D := max;<;<sdeg fi. By Theorem 37 there exist polynomials ay,...,a; €
kix;,...,x,] such that

1:a1f1+-~,asfs

with dega; f; < min{n,s}? (D + 3n)d ™"} for i=1,...,s. This estimate is sharper
for big values of D than the bound

dega; f; < pmin{ns} 5= 1,...,s

for D > 3, which results from application of the bound of [22].
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